Low correlations between asset returns increase the portfolio diversification benefits and for U.S. investors emerging market equities are one such class of assets. Several studies indicate that the correlations between asset returns are time-varying and using unconditional estimates of correlation in a portfolio optimization model can result in misallocation of assets. To overcome this problem we use multivariate GARCH models to estimate the time-varying correlations and use the same in portfolio optimization models. Ex-post return calculations show that unrestricted portfolios created with emerging stock indices and S&P 500 index outperform the S&P 500 index by itself. Since investors exhibit strong home bias in their portfolio choice, restricted optimization models are tested. Results indicate that if the total investment in emerging markets is restricted, a minimum investment of twenty percent in emerging markets is required to obtain significant diversification. With investments in each of the emerging market restricted to less that three percent, there was no significant diversification benefit.
Introduction
In the mean-variance optimization model (Markowitz, 1952) , an efficient set of portfolios is created by maximizing the expected return of the portfolio and minimizing its risk as measured by the standard deviation. Input variables in this model are the expected returns, standard deviations and correlations of expected returns of the assets in the portfolio. In conventional portfolio optimization models, unconditional estimates of standard deviations and correlations of past asset returns are used as inputs. One of the implicit assumptions in this method of efficient portfolio construction is that the variances and correlations are time-invariant during the holding period of the portfolio (Jobson and Korkie, 1981) .
Despite its theoretical appeal, practitioners are generally cautious in applying mean variance optimization models to actual portfolios. Part of the reason for this reluctance may be due to potential problems that can arise due to use of unconditional variances and correlations as inputs. One such problem with the use of unconditional estimates in the model is that it gives higher weights for securities with large expected returns, low variances and negative correlations with other securities in the portfolio (Michaud, 1989) . Other studies have indicated that the forecasted returns by the optimization model are highly sensitive to changes in the expected returns and correlations (Best and Grauer, 1991; Chopra and Ziemba, 1993) . To alleviate these problems, different studies have suggested possible methods to reduce the sensitivity of the mean-variance optimization model by reducing the sensitivity of the model to the input parameters such as variances and correlations. 1 Studies into the nature of variances and correlations of domestic asset returns have indicated that variances and correlations do change over time.
2 Similar studies into the correlations of international asset returns by Makridakis and Wheelwright (1974) and Bennett and Kelleher (1988) find that those correlations are also unstable over time. Tests for constancy of correlations generally fall into two categories: testing unconditional correlations using multivariate theory and testing conditional correlations using multivariate GARCH models.
3 Longin and Solnik (1995) reject the hypothesis of a constant conditional correlation structure by studying the shifts in global correlations from 1960 to 1990 by employing both tests.
There is also a large body of empirical evidence suggesting that the correlations of international stock markets tend to increase conditional on large negatives, or "bear market" returns. 4 Longin and Solnik (2001) use extreme value theory to show that the correlation of large negative returns is much larger than the correlation of positive returns. Goetzmann, Li and Rouwenhorst (2005) examine the correlation structure of the major world equity markets over 150 years. They find that international equity correlations vary considerably through time.
If the variances and correlations are time-varying, then the next question is which is the best method of estimating these? The most popular method is to use a moving average specification in which the correlations are estimated using a moving window of time. The drawback of this method is that it gives equal weight to all the observations during that time period used in the moving average calculations. The other method of estimating the time varying correlations is to use multivariate GARCH models. The first set of models of this genre is based on the Constant Correlation Coefficient model of Bollerslev (1990) . But the assumption that the correlation coefficient is constant remains the main weakness of these models. The second set of GARCH models is based on the multivariate GARCH models introduced by Kroner and Ng (1998) . Even though these multivariate GARCH models are appealing from a theoretical standpoint, computationally they suffer from the problem of estimating too many coefficients at the same time. Engle (2002) introduces a new class of multivariate GARCH models called "Dynamic Conditional Correlation Models (DCC)," which combines flexibility of the univariate models with the theoretical appeal of time-varying correlations.
Despite the increased access to international capital markets, investors in many countries continue to hold equity portfolios largely dominated by domestic assets. Thomas et al. (2004) report that U.S. investors held only 14% of their equity portfolios in foreign stocks at a time where such stocks accounted for 54% of the world market capitalization at the end of 2003. French and Poterba (1991) , Tesar and Werner (1992) , and other authors report that portfolio compositions indicate strong home bias. 5 A survey of fund managers by Lütje and Menkoff (2007) finds that the home bias is mainly related to strong risk aversion and wishful thinking among the fund managers.
An extensive list of academic research documents the benefits of international diversification. Early studies such as Grubel (1968) and Levy and Sarnat (1970) Gerard (1997) , and Ang and Bekaert (2002) are some of the other studies that show the significant benefits of international diversification.
Emerging market equities are another class of international assets that have attracted considerable attention in the past few years. Even though equity markets existed in emerging economies, until recently investing in them was difficult due to various restrictions. By the early 1990s many of the emerging countries opened up their equity markets to foreign investors. This process was further accelerated when many of these countries allowed their firms to cross-list their equities in the U.S. markets, mostly in the form of American Depositary Receipts (ADRs). This improvement in investing opportunities in turn has increased the interest in studying the diversification benefits from emerging equity markets. DeSantis (1994), Divecha et al. (1992) , Harvey (1995) , and other authors document substantial diversification benefits from investing in emerging equity markets.
6
Another factor that attracted investors to emerging markets is the increase in correlation and the consequent reduction in diversification benefits between equity markets of developed countries. Goetzmann, Li and Rouwenhorst (2005) find that in the last two decades, the investment opportunity set expanded dramatically at the same time correlations of the major markets has increased. As a result, the benefits to international diversification have recently been driven by the existence of emerging capital markets.
6 See Bekaert and Urias (1996) .
The primary motive diversification in to emerging markets has been to take advantage of the low correlation between stocks in different national markets.
The major focus of this paper is to develop an empirical portfolio optimization model which allows the variances and correlations of asset returns to vary over time.
Using an optimization model that places no restriction on the total amount that can be invested in emerging markets as whole and in each individual country index we estimate the diversification benefit to a U.S. investor. Since many investors exhibit a reluctance to invest more than a certain amount of their investments in emerging markets a restricted model with the maximum amount invested in emerging markets is tested. By gradually increasing the amount invested in emerging markets from one percent upwards the level at which the returns of the diversified portfolios are significantly higher than investing only in the domestic stocks. Similarly another set of efficient portfolios are created with restrictions on the maximum amount invested in each of the emerging markets. Again we gradually increase the investment restricted from one percent in each of the emerging markets and then test the level at which there is significantly higher return from these portfolios as compared to the domestic stocks only portfolio.
The rest of the paper is organized as follows: Section 2 describes the empirical methodology, sources and details of data. Empirical results are discussed in section 3, and section 4 concludes the paper.
Empirical Methodology and Data
Return of a portfolio with N assets can be written as:
where X i is the weight of the i th security in the portfolio and − i r is the expected return of that asset.
The standard deviation of this portfolio can be expressed as:
where σ i,j is the covariance between the two assets i and j. The standard method of optimization is to find a set of efficient set of portfolios, which will give the maximum return for a given level of risk.
Mathematically, the optimization problem can be stated as follows:
Subject to the following constraint:
Portfolios can be created with or without short selling constraints. Considering the practical difficulty in short selling emerging market stocks, in this paper the portfolios are constructed with short selling constraints, which require the following additional constraint:
In the first set of portfolios, called the unrestricted portfolios, there is no limit on how much can be invested in each of the emerging markets as well as the maximum that can be invested in all the nineteen markets together. The only restriction in this model is the short selling constrained given in equation (5) As mentioned earlier in this paper, portfolio managers in general are biased towards assets of their home country. This home bias can result in various types of restrictions on the proportion of investment allocated to foreign assets. In this paper the effect of such restrictions on diversification benefits are tested using the following investment constraints.
In the first model with the maximum combined investment in all emerging markets together is restricted with the following additional constraint:
where X j is the investment in the j th emerging market.
In the second restricted model the maximum investment in each of the emerging market is restricted using the following constraint:
Emerging market equity returns exhibit higher volatility than of developed markets and it is also observed that the correlations among the emerging markets and developed markets also exhibit considerable variations over time. To capture the time varying nature of variances and covariances, we use the Dynamic Conditional Correlation (DCC) model of Engle (2002). DCC has a two step procedure for estimating the conditional variances and correlations. It is assumed that the returns of the 20 assets used in constructing the portfolios in this paper are normally distributed with zero mean conditional on the information available at t-1.
where r t is the 20x1 vector of asset returns at time t and H t is the conditional covariance matrix expressed as:
where H t is the 20x20 conditional covariance matrix, R t is the conditional correlation matrix and D t is a diagonal matrix with the time-varying standard deviations in the diagonal. In the first step the following univariate GARCH model is used to estimate the diagonal elements σ it of D t using the following GARCH(1,1) specification.
The conditional return of each of the assets is standardized by dividing it by its standard deviation obtained in the previous step. This gives the following standardized vector of returns:
Correlation between any two assets i and j can be written as:
Using a GARCH(1,1) specification, the covariance between the random variables can be written as:
The unconditional expectation of the cross product is ij ρ , while for the variances it is
The correlation estimator is:
This model will be mean reverting if 1 < + β α . The matrix version of this model can then be written as:
where S is the unconditional correlation matrix of the disturbance terms and
The log likelihood for this estimator can be written as:
In the second stage of the estimation the above likelihood estimator is used in estimating the parameters of equation (10) 7 .
The time period covered in this study is January 1996 For the DCC estimators we use sets of five year rolling windows, but to capture the time-varying nature of variances and covariances, the end of the period values of the same was input into the portfolio optimization model. For example, using the DCC model one can estimate 260 variances and correlations for a period of five years. But for estimating the efficient set of portfolios, only the variances and correlations for the last week of the sample period is used. 8 Following the standard industry practice of using past five years returns and its variances and correlations in portfolio optimization models, weekly averages for the five year period are used as the proxy for expected returns in the portfolio optimization model.
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Using the above procedure, we are able to get the weights of the individual stocks in each of the efficient portfolios. Using these weights and the actual returns of each of the twenty indices for periods of one-month, three-months and six-months from the date when the efficient portfolio was created, ex-post returns of the efficient set of portfolios were calculated for each of the sixty months for which efficient sets were calculated. The ex-post performance of efficient set of portfolios with investment in emerging markets are then compared to that of the S&P 500 index using the following regression equation:
where R j,t is the pooled returns of all eleven efficient portfolios for a period of sixty months and Dummy j,t is a dummy variable, which is 1 if the portfolio with emerging market indices included in it and 0 if it is estimated using the rolling method. If the regression coefficient β is significant, then it indicates that there is a difference in the expost performance of the portfolios. The value of this variable is also the difference between the ex-post returns of portfolios.
Results
The descriptive statistics of weekly returns of the twenty indices in this study are given in Table 1 . Out of the nineteen emerging market indices, seven are from Latin America, seven from Asia, three from Europe and two from Middle East and Africa.
Except for the five indices from Asia, all other indices have a positive average return.
The negative returns for the Asian indices can be attributed to the financial crisis faced by these countries in the 1990s. All of the emerging market indices have higher standard deviation than the S&P 500 index, indicating the higher level of risk in investing in these countries. Fifteen out of the twenty indices have negative skewness, which is an indication that these markets have more negative shocks than positive shocks during the time period covered in this study. Excess Kurtosis and Jarque-Bera statistics indicate that none of these markets have returns that are normally distributed.
Summary statistics of average correlations of each of the emerging market indices with the S&P 500 index for the ten year period is given in Table 2 Africa with the S&P 500 index is the highest among all the four regions. This may be due to the higher level of cross listing of stocks from these countries in the U.S. equity markets.
Summary statistics of ex-post returns of efficient portfolios that are created with emerging market indices and S&P 500 index, as well as S&P 500 index, are presented in Table 3 . For each of the sixty months, one minimum variance portfolio and ten efficient portfolios are created and the ex-post returns of each of these portfolios are calculated for periods of one-month, three-months and six-months. Furthermore, these portfolios are divided into two groups based on the standard deviations of the efficient portfolios. For each month, the sample is divided into a set of low risk portfolios comprising minimum variance portfolio and five of the lowest variance portfolios and another set of high risk portfolios comprising five portfolios with the highest risk. The results of regressions using equation (17) are given in Table 4 . Pooled ex-post returns of efficient portfolios are regressed against the dummy variable that has a value of one for those portfolios that contain emerging market indices. Three sets of regressions are made, one for the total sample, one for the low risk portfolios, and one for the high risk portfolios.
The results indicate that the efficient portfolios created with emerging market indices clearly dominate the returns of S&P 500 index alone. This shows that the U.S. investors can achieve statistically significant higher returns by diversifying their portfolios to include emerging market stocks. Even though unrestricted optimization may look attractive, many investors are reluctant to diversify more than a certain percentage of their assets into emerging market equities. The summary statistics of weight of individual indices in unrestricted portfolios are given in Table 5 . As evidenced in this table, the weights of an individual country index can vary from 0 to 1, which indicates that it is possible that a certain efficient portfolio will be all invested in one single emerging market equity. From a practical standpoint, this may not be acceptable to many portfolio managers. To overcome this problem, we test the portfolio diversification benefits with restrictions on the maximum amount that can be invested in emerging markets.
We first create a set of efficient portfolios that have investment in emerging markets restricted to ten percent of the total investment. Ex-post returns of these portfolios are calculated as in the case of unrestricted portfolios and compared with the ex-post returns of S&P 500 index for periods of one, three and six months. Regression results comparing the two sets of portfolios are given in Table 6 . Results indicate that if the diversification is done with only ten percent in emerging markets, there is no statistically significant improvement in those portfolios over the returns of the S&P 500 index.
Since the investment restriction at ten percent in emerging markets does not produce a significant diversification benefit, we increase the maximum allowable investment in emerging markets to twenty percent of the total portfolio. As in the case of unrestricted portfolios, the ex-post returns of these portfolios are compared with the returns of S&P 500 index. The results are given in Table 7 . Results show that there is some benefit of diversification, especially for the low risk portfolios.
To study the effect of maximum investment restriction in emerging markets, average weights of each of the twenty assets in the portfolio are calculated and reported in Table 8 . Average investment in S&P 500 Index is 80.96%, indicating that the emerging market share in the portfolios is approximately the maximum allowed limit of twenty percent. When the portfolios are subdivided into low-risk and high risk-portfolios, the weight of emerging markets still is close to the maximum limit of twenty percent.
What is interesting is that the investment within the emerging market changes with the level of risk. Among all the portfolios, Czech index has the highest percentage of 3.06%, while both Argentina and Brazil are out of the mix. With low risk portfolios, Peru has the highest share of 3.43%, while Israel has the highest percentage of 4.30% among the high risk portfolios.
When the restriction on investment in emerging markets is two percent for each of the nineteen countries, there is no significant diversification benefit over the S&P 500
Index. It is found that an investment limit of three percent in each of the merging markets is required to realize significant diversification benefits. The results of OLS regression on pooled returns with investment in emerging markets restricted to the maximum of 3 percent in each of the countries is given in Table 9 . These results indicate that the diversified portfolios have higher returns for both three and six month horizons.
These results are consistent for both low and high risk portfolios.
The weights of individual assets with maximum investment in each of the emerging markets limited to 3 percent are given in Table 10 . Since there are nineteen emerging markets, the maximum possible investment in all of them together is 57 percent, which leaves a potential investment of only 43 percent in S&P 500 Index. But the results indicate that for all the portfolios, the average weight of S&P 500 index was 61.74 percent. Interestingly enough there is investment in all the nineteen markets, but there are times when the investment is zero in any one of them. This in turn keeps the investment in S&P 500 Index higher than the potential low of 43 percent.
Conclusions
In this paper we attempt to estimate the diversification benefits that can arise to a U.S. investor by diversifying into emerging markets. Over the past several years, many of the emerging market economies have gone through several upheavals, which had significant impact on its equity markets. The low level of correlation between the emerging equity markets and the U.S. equities offers both opportunities and challenges to the U.S. investors. Relatively high returns and low correlations offer better diversification benefits, while the high variability in the emerging market equity returns requires better econometric models to capture the time-varying nature of the variances and correlations.
The use of the DCC model in estimating correlations has shown to improve the portfolio optimization model. Unrestricted diversification into emerging equity markets offer the greatest diversification, but even with restricted diversification, there is some benefit. 
